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Theory of Polyhedral Molecules. I. Physical Factorizations of the Secular Equation
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(Received November 21, 1961)

An LCAO-MO systematization of polyhedral molecules such as ByHy is undertaken. Peculiarities of
polyhedral systems, such as inapplicability of nearest-neighbor assumption and increased number of param-
eters are discussed within the framework of a Hiickel type of theory. It is found that inclusion of hydrogen
atoms does not affect predictions of closed shells, but is important in determining electronic transitions.
Various physical factorizations of the secular equations, such as the in-surface, apex-equatorial, and ring-
polar separations are critically examined. A computer program for caleulations on molecules of up to 15
atoms is described and used to obtain the energy levels of a variety of polyhedral molecules.

INTRODUCTION

OLYHEDRAL molecules and ions represent a
class of molecular and ionic species for which argu-
ments based upon symmetry considerations may be
expected to yield interesting results. Degeneracies in
the one-electron approximation to molecular orbital
descriptions often give rise to relatively large gaps in
the energy level scheme, and hence relatively complex
molecules may be described with some greater degree
of success than is possible in molecules of lower sym-
metry. Such polyhedral species are prominent in boron
chemistryl*s (B4C14, BsCls, BmHm_Q, Blng-f'g) and in
intermetallic complexes and crystals. Saturated analogs
are expected in carbon chemistry (tetrahedrane C,H,,
cubane CgHs, dodecahedrane CyHsg, etc.) and some
arise in carbon-boron chemistry (the carboranes).
Inorganic molecules may also form compact polyhedral
structures (Pi, Asy, etc.). Some of the polyhedra dis-
cussed in this paper are shown in Figs. 1-3.
Molecular orbital descriptions have been given to
the known B,Cly, BsCls, BygHio~%, Bi.His™? species,?+6
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and to”® BsH;™?, BgHy~* and other species, in varying
degrees of approximation. Our purpose here is to explore
the nature of some of these approximate theories. In
the first paper we investigate approximations, made
for convenience in handling the secular determinants
arising from linear combinations of molecular orbitals
(LCAO). In the second paper, a crystal-field model is
compared with the LCAO calculations, with, sur-
prisingly, a resultant improvement in the assumptions
of both types of orbital descriptions. In the third paper
we give atomic charges, bond orders, and reactivity
parameters for some carboranes. In the fourth contribu-
tion we present the results of a systematic survey of
energy levels for a much larger variety of polyhedral
species than has heretofore been investigated, having
been encouraged by recent experimental developments
along these lines in boron and carbon chemistry.

LCAQO-MO EQUATIONS

If we consider a molecular orbital ¢ built up as a
linear combination of atomic orbitals ¢,

= ZC#’:‘, (1)
we obtain the following set of equations for the expan-
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F16. 1. a. tetrahedron, b. cube, c. octahedron, d. icosahedron,
e. dodecahedron, f. archimedean antiprism. @, b, and ¢ are CxHxy
possibilities.

sion coefficients:
(ar—' ESrr) Cr+ LI(BN_ ES"-B)C-’= 0

7=1, 2y 3, "':My (2)
where M = number of orbitals considered

E= energy

Sn= / ¢ *pdr = overlap
o= / ¢.*Hedr= “Coulomb integral”

Bra= f ¢, *Hp,dr= ‘‘resonance integral.”

H is the ubiquitous Hiickel Hamiltonian, whose explicit
form is hardly ever specified in the semiempirical
theory. In the following, we will concern ourselves with
polyhedral molecules of the formula ByXy, where B

a

Fi6. 2. a. trigonal prism, b. bicapped trigonal prism, c. pen-
tagonal prism, d. bicapped pentagonal prism, e. bicapped cube, f.
bicapped archimedean antiprism. g, ¢ are CyH y possibilities.

may be boron (or carbon) and X may be hydrogen or
chlorine.

The simplest Hiickel type of treatment of these
molecules differs considerably from the corresponding
calculations on aromatic systems. The polyhedral
frameworks are inherently three dimensional. No
symmetry factorization of the s-m type is possible,
though various other physical factorizations will be
discussed below, Thus the number of orbitals considered
is greater for polyhedral molecules. In general, we are
forced to examine the interaction of 4 orbitals on each
boron (one 2s and three 2p) with one orbital on each
hydrogen. The secular equation is thus of degree 5N.
If we factor out the B—H bonds, we are still left with
a diagonalization of a 3.V by 3V matrix.

Moreover, as we will show in the next section, the
equally ubiquitous tight binding assumption of aro-
matic theory, i.e., the neglect of all but nearest-neigh-
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F1G. 3. a. cube-octahedron, b. trigonal bipyramid, ¢c. pentagonal
bipyramid, d. rhombic hexahedron=bicapped trigonal antiprism,
e. truncated tetrahedron, f. rhombic dodecahedron=omnicapped
cube. e is a CyH y possibility.

bor interactions in the Hamiltonian matrix, is inap-
plicable to boron polyhedra. All interactions must be
evaluated.

Still another difference is that, whereas there is only
one Coulomb integral in the w-electron theory of
homonuclear aromatics, for polyhedral molecules we
are obliged to consider in the homonuclear case a 2s
and a 2p Coulomb integral. In most previous treatments
these have been set equal, an assumption which is not
justifiable, but which reduces the number of parameters
and therefore is habit forming. Arguments for setting
a(2s) and a(2p) unequal will be presented in subse-
quent communications.® Since our main purpose in
this paper is to examine critically various physical
factorizations of the secular equation, we shall retain
here the assumption of equal Coulomb integrals, in
order to facilitate intercomparison of our results with
those already in the literature. We shall also use a

? R. Hoffmann and M. P. Gouterman 36, 2189 (1962) following
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Slater orbital basis (exponent 1.30 for B), though in a
subsequent section we examine the consequences of
using a different orbital basis. If the resonance integral
is taken to be proportional to the overlap (perhaps a
better assumption would be to take a different propor-
tionality constant for each overlap type)

Bre=KS (3)

the set of equations reduces to
"“xCr+ E,Srscazo (4)
—x=(a—E)/(K—-E), (3)

where we have chosen S,=1, a(2s5)=ca(2p). The
energy parameters are the eigenvalues of the off-
diagonal overlap matrix S—1, and must all be greater
than —1, From (5) we obtain

E,‘= (a-f—Kx,—)/(l—{—xi), (6)

E—E;=(xi—x;)(K—a)/(1+x) (14x). (7)

Thus the order of energy levels is preserved for all K
and « (K must be taken greater than ) and we may
work directly with the energy parameters x; thus post-
poning a choice of K and a. The method outlined above
was first introduced for boron polyhedra by Longuet-
Higgins and Roberts.5:?

NEAREST-NEIGHBOR ASSUMPTION FOR BORON
POLYHEDRA

and

Neglect of all but nearest-neighbor interactions in
the Hamiltonian matrix is an idée fixe of the LCAO-
MO Hiickel method for aromatics. It is perhaps not
widely recognized that its feasibility is merely due to
the relatively small magnitude of the p—p = overlap
for two carbons a reasonable distance apart. As has
been pointed out by Ruedenberg,” the tight binding
approximation would fail, if this overlap, which we will
call §, would exceed 1. Consider a basis set of nor-
malized atomic orbitals

¢={¢17 ¢i" °“7¢N}' (8)

The overlap matrix S may be expressed as the Hilbert
space inner product ¢+¢. From this it follows that §
is positive definite and therefore its eigenvalues are all
greater than zero. Now we inquire about the eigenvalues
of §’, a modification of 8 in which some of the off-
diagonal elements of S have been set equal to zero.
Using Hadamard’s theorem," we find that the eigen-

values of 8’ are bounded as follows:
—(M-1) <M1, (9

(10)

where
M= max{> | Sk/|}.
l

WK, Ruedenberg, J. Chem. Phys. 34, 1884 (1961).
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des Mulrices (Gauthier-Villars, Paris, 1959), Chap. 2.
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Thus if M>1 some of the eigenvalues of S’ may be
negative or zero; this in turn would imply linear de-
pendence of the basis set and would lead to an incorrect
energy level scheme. To ensure consistency in the
theory we must have M <1. The maximum number of
nearest neighbors in aromatics is 3, which leads to
Ruedenberg’s criterion that S must be less than 3.
Since §~0.25, this is satisfied. When we turn to boron
polyhedra, the maximum number of nearest neighbors
is 4 or 5, moreover there is more than one orbital on
each center. Even if we were to consider only one non-
vanishing interaction with each center, we would still
have to require that S be <%, %, respectively, whereas
S actually is over 0.30. Indeed, calculations with a
nearest neighbor assumption for the octahedron and
cube lead to negative eigenvalues of the overlap matrix
and confirm the theoretical conclusion that for B
polyhedra the assumption of only nearest-neighbor inler-
actions leads lo inconsislencies: all inleractions in the
polyhedron must be accounted for.

COMPUTATION

A program for LCAO-MO calculations on polyhedral
molecules has been written for the IBM 7090 computer.
The overlap matrix for a single s and three p orbitals
on each of up to 13 arbitrarily situated atoms is set up.
Since the p orbitals transform as vectors, the coeffi-
cients (each to be multiplied by the proper overlap)
of the various interactions between orbitals on the
atoms i and j may be written down as:

Clsiy 55) =1,
C(si, piso)=—R; Py,
C(pi ps; 0) =— (Riy»P) (Riy Py),
C(pi, pj; m) = [P,‘— (Rij+Py) Rii]' [P,—(RyP)Ry/]
=P P,—(Ry-P) (Ri;-P)),

P;=i, j, k Cartesian unit vectors,

(11)

where R;; is the unit vector along the interatomic
distance. All interactions are considered, and the full
eigenvalue problem (H—ES8)C=0 is solved, subject
to the assumption that 8,,=K S, for atomic orbitals.
The input parameters are:

(1) Coordinates of the atoms.

(2) § and p Coulomb integrals. Provision is made
for putting a different s and p Coulomb integral at
each center.

(3) The parameter K.

(4) An overlap scheme. This may be a subroutine
which uses Slater 2s and 2p overlaps, as was done
throughout the calculations in this paper; or SCF
overlaps may be read in.

The eigenvalue problem is set up in an AO basis and
the energies and molecular orbitals obtained by a






