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A one-electron perturbation theory of chemisorption

Mikhail V. Basilevsky

Karpov Institute of Physical Chemistry, Ul. Obukha 10, 103064 Moscow K-64, USSR

Roald Hoffmann

Department of Chemistry, Cornell University, Ithaca, NY 14853, USA

(Received 23 January 1990; accepted 1 May 1990)

We present a general one-electron perturbation theoretic formalism for the interaction of
discrete molecules or a translationally periodic array of molecules with a surface. The
approach uses a Green’s function formalism, a perturbation expansion and a technique of
calculating the imaginary parts of traces over matrix products. The methodology, applicable to
both Hiickel and extended Hiickel calculations, introduces projected Green’s functions which
serve as natural indices for the reactivity, inherent and mutual, of different surface sites.

Molecules reacting, a molecule interacting with a sur-
face-—these are systems quite naturally made up of two or
more pieces or subsystems. We know their orbitals when
they are separate, perhaps approximately. And we want to
know their orbitals as they interact, the energetics and orien-
tation of their reaction.

The natural language for the analysis of chemical reac-
tion, the interaction of two chemical subsystems, is perturba-
tion theory. The zeroth-order wave functions, presumably, if
imperfectly, known, are those of the separate or isolated
molecules. The perturbation is their interaction, weak or
strong.

Chemisorption should be analyzed, in principle, in a
many-electron framework. In practice, a one-electron per-
turbation theory approach is often adequate, qualitatively or
semiquantitatively. More than that, a one-electron perturba-
tion theoretic approach lends itself to an analysis of trends as
a function of atom or ligand electronegativity, donor or ac-
ceptor character, etc., i.e., nothing more or less than a chemi-
cal analysis. Witness the remarkable success of frontier orbi-
tal theory'? which is just the implementation of a simplified
one-electron perturbation theoretic approach®* to chemical
reactivity.

In recent times one of us (RH) has worked extensively
on extended systems; one-, two-, and three-dimensional ma-
terials. One of the foci of interest has been the chemisorption
and reaction of molecules on surfaces. In the course of this
work® it became apparent that a qualitative perturbation
approach to extended systems was very much needed.

What we present here then is a systematic perturbation-
al treatment of extended chemical systems, considered as
consisting of a pair of interacting subsystems. The sporadic,
though fruitful, attempts to use this approach in the recent
literature®’” operate with the second-order energy correc-
tion known from molecular quantum chemistry. Such an
extrapolation is obvious for one-dimensional structures.?
For the extended systems of higher dimensionality, due to
the degeneracy of energy levels, the situation is less clear.
The problem is important, and it certainly merits a careful
derivation. The formulas for the interaction energy in an
extended system we obtain here, although having a familiar
physical (or chemical) interpretation, possess an advantage
of being directly related to widely available band structure
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calculations. Some novel qualitative concepts also arise in
our treatment, such as new surface reactivity indices for
chemisorption and a new phenomenological approach based
on the modeling of the energy dependence of the density of
states (DOS).

The application of these concepts in a qualitative theory
of chemisorption heats seems promising. For instance, the
main problem here is an adequate account of the energy de-
pendence of an interaction matrix element between an adsor-
bate molecule and a surface. The reported attempts to over-
come this difficulty®’ neglect the specific features of a real
surface band structure. This problem is, however, solved in
our treatment. The application to specific chemical prob-
lems will follow in future papers.

I. THE GENERAL DOS EXPANSION

We consider the Hamiltonian

where H,, is a zero-order Hamiltonian and ¥V is a perturba-
tion. We assume that H, always possesses translational sym-
metry. For ¥V two cases will be considered: (a) translational-
ly symmetrical perturbation; (b} local perturbation.

So we have the Schrodinger equations

(H—E)¥,(r) =0,

(Hy, — €)@, (r) =0, (1.2)
and the corresponding Green’s operators
G(E) = -——'1——-
E+i5—H
(6- +0). (1.3)
1
Go(E) = o —
o (E) E +i8 — H,

The coordinate representation of G, (E) (i.e., the Green’s
function) is

(g (r)
ot 1B = 3 e

The zero-order eigenfunctions @, (r) are Bloch Molecular
Orbitals (MOs). Finally, the usual definition of the DOS’®
will be made

(1.4)

© 1990 American Institute of Physics 3635



3636 M. V. Basilevsky and R. Hoffmann: Perturbation theory of chemisorption

no(E)=ZrS(E—e,.). (1.5)

The perturbation expansion for n(E) can be derived
from the following basic relation:
det(E +i6— Hy)

T 0E
(1.6)

This formula has been obtained'®!! starting from the defini-
tion (1.3) of the Green’s function, and using the identity

lim ,1 = P( !

50 X +i0 —x' X—x
where P stands for the principal part operator. Relation
(1.6) obviously reduces to

13
———z Im{Indet[1 - Gy (E)V ]}

(1.8)

This closed form has been used by Einstein and Schrieffer.°
We extend their treatment by applying the identity'?

n(E) —ny(E) = det(E+16 H) }

,) —imd(x —x"), (1.7)

n(E) —ny(E) =

) _ m—1
det(1+4) =exp| 3 —(—-1)———trA’"] (1.9)
m=1 m
which results in the following perturbation series:
' 1 4 |
E) —ny(E)y=——1 —tr[ Gy (EYV )™
n(E) — ny (E) 9 mm;m [Go(EYV]
(1.10)

This formula will serve us as a basis for our subsequent
considerations.

Il. THE ENERGY AND QUASIMOMENTUM
REPRESENTATIONS

We need matrix representation of operators G, (£) and
V for the trace calculations in Eq. (1.10). Different MO
representations are available, due to the degeneracy of levels
€;. We shall deal with two of them:

@:—|Er) (2.1)
(E representation),
@;— | ka) (2.2)

(k representation).

In Eq. (2.1) the energy E is taken as a main quantum num-
ber, the second number 7 labeling the states having the same
energy E; r = r(E). Another, more customary representa-
tion (2.2), takes the reciprocal lattice vector k (the quasimo-
mentum) as the main quantum number, @ being a band in-
dex. Either representation (2.1) or (2.2) will be convenient,
depending on the particular applications.

The quantities E and k are considered as continuum
variables, and that is why one should also define the pre-
scriptions for transforming a sum X, into integrals over £ or
k. This depends on the normalization accepted for contin-
uum basis functions. In the E representation it is convenient
to work with the scattering theory prescription:'>

(Er|E'Y)=86,8(E—E"). (2.3)
Then
z - de z . (2.4)
r(E)

The conventional basis functions for k representation are
Bloch MOs normalized to unity:

(kalkB) =8,
(kalk'B) =0 (k'#Kk). (2.5)

Then, denoting the total volume as {2, we obtain a standard
relation'*

Q Z f (21r)"

where p = 2or 3 for the surface and bulk cases, respectively.

Let €, (k) be the zeroth approximation band energy
function. We denote by k = k,, (E) the multivalued quantity
satisfying the equation €, (k) = E. Then the following iden-
tity is valid:

QJ dk
2

Finally, the interrelation between E and k representations is
given by

dk
Er|=0Q
2( " J(2ﬂ')"

r(E)

(2.6)

(E). 2.7

(2.8)

1Il. ENERGY REPRESENTATION

Formula (1.10) supplies us with the expansion of the
DOS in terms of powers of V:

n(E) — ny(E) =n'"(E) + n*(E) +.... 3.1

Let us consider the two leading terms of this expansion.
First order:
n(l)(E) =—l-—a—Imde' z (E erlE r) .
T JE A5y E+i6—E'
The Im operation is performed according to Eq. (1.7). So
we obtain
n"(E)= —— S (Er|V|Er). (3.2)
a r(E)
Second order: The evaluation of the corresponding term
of Eq. (1.10) again using (1.7) for the Im calculation, gives

' 2
_a z dE’ 2 I(EerIE,S)l
a r(E) S(E’) E—E
where £ means the Cauchy principal value of the integral.
The case important for what follows implies vanishing
of all interaction matrix elements, including diagonal ones,
between degenerate Bloch functions:

n*(E) = (3.3)

(Er|V |Es) = (3.4)
This simplifies the expansion terms to
n'V(E) =0,
J , [(Er|VI|E's)|?
n®(E) = ——[ de 44— .5
E r(EE:') S(ZE’) E—E'

3.5)
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Now let us consider the case when matrix elements
(Er|V |E's) are r,s independent:

(Er|{V|E's) = (E|V|E"). (3.6)
It is then possible to change the normalization of the basis
functions and pass from the §-function normalized eigen-

functions |Er) to functions |Er), normalized to unity ac-
cording to

(Er|Es) =6,

(Er|E'sy =0 (E'#E). 3.7
As is readily seen from the comparison with Eq (2.5), the
functions | Er) so defined differ from functions |ka) only by
the choice of the quantum numbers labeling them.

In this case we can make formal changes in relation
(2.8) according to:

[k —k,(E))(ka|-6[k— Kk, (E)]|(E].

Thus we obtain, by combining Eqs. (2.7) and (2.8),

[(Er|VIE’s)|” _ (E|VIE)|®
B & E—-E’ E—FE'
where (E |V |E’) stands for (Er|V|E’s) according to Eq.
(3.6). With this new notation (3.5) is transformed into
) UEIED?),
E—E’

ngy (E)no (E/):

n?(E) = —-a% [no (E) de’no(E'
(3.8)

It is then expedient to transform the general expression
(3.3) into the form of Eq. (3.8), defining a quantity

1
_— (Er|V |E’s)|%
ny (EYng (E') r(EE:) s(;) l I | |
(3.9)

This is nothing else but an averaged squared absolute value
of the interaction matrix element. With this definition (3.3)
converts into

R(EE') =

a R(EE’)

n®(E) = ——[n E de’n E’ —’-—]
(E) 3 o () o )E——E'
(3.10)

The meaning of this transformation is that the integral

in curly brackets is expected to depend on E much more
smoothly than n, (E) does. That is why a reasonable approx-

imation may be

n(Z)(E')5 _ U:dE’no(E’) R(E,E')] dno(E) )

E—E' dE
(3.11)
When the matrix elements are 7,s independent we obtain
R(EE')=|{E|V|E")~
An example of using approximate relation (3.11) is giv-
en in the Appendix A.

IV. QUASIMOMENTUM REPRESENTATION

We start with the case when both operators H, and V
are characterized by translational symmetry. Then the ma-
trices of operators G, (E) and V consist of diagonal blocks,
the blocks of G, (E), being diagonal by themselves:

(ka|Gy (E)k'B) = (ka|V|k'B) =0 (k#k’)
(4.1)
(ka|Go (E) KB ) = Goo (EK) g, (4.2)
(ka|V|kB) =V, (k),
where
1
G, (Ek) =m. 4.3)

That is why the trace in Eq. (1.10) becomes a sum over
traces of individual blocks. According to Eq. (2.6) we obtain

?]i[”(E’ 1o (B)]

9 o L (_dk

1
— m e
T OE ,,.gl mJ 2m)?

tr[ G, (Ek) V(K)]™,

4.4)

where G, (E,k) and V'(k) are the block submatrices built of
elements (4.2) and (4.3).

Now we can invoke the invariance of the trace operation
under a unitary basis transformation, and pass on to the
Bloch atomic orbital (AO) basis. We consider here a simple
Hiickel model with an orthogonal AQ basis. Then the form
of ¥ can be explicitly displayed. This is illustrated by a spe-
cial case when the zeroeth approximation is a combination of
a pair of noninteracting sublattices “A” and “B”. Their in-
teraction is assumed to generate only intersublattice matrix
elements, leaving unchanged intrasublattice ones. So the
structure of the matrices in the Bloch AO basis will be

(G~ ] 0) (0 B)
Go(E,k)—(O GB),V(k)——(F’T, (4.5)

where “1” means the Hermitian conjugate. Using the special
block structure of matrices (4.5), we reduce Eq. (4.4) to the
final form

% [n(E) — o (E)]

_19 3 1 dk
T 0E = mJ (27)*

The k representation is most convenient for practical
explicit calculations. The general prescription for calculat-
ing the Green’s matrix G, (E,k) in the Bloch AO basis is the
following: Let H, (k) be a Hamiltonian matrix, in this basis
diagonalized by a unitary matrix C(k):

CY(k)H, (k)C(k) = e(k), (4.7)
where €(k) is a diagonal matrix of the band energies. Then

Gy (Ek) = C(k)[(E+ i8)I — (k)] ~'CT(k). (4.8)

tr[GABG BB 11

(4.6)

V. ENERGY CALCULATIONS

The perturbational correction to the total energy den-
sity is calculated as

1

AE:E (Etot - EO)

Eg €p
=%U_ En(E)dE-f_ Eno(E)dE], (5.1

J. Chem. Phys., Vol. 93, No. 5, 1 September 1990
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where Er and €; are Fermi levels for a perturbed and an
unperturbed system. The closed expression following from
Eq. (5.1) was derived by Einstein and Schrieffer:'®
AE= — 2
)
We substitute Eq. (1.9) into Eq. (5.2) to obtain the general
perturbation expansion

2 o 1 (F
AE= ——1 — tr{G,(EYV ]"dE. (5.3
& ] ey e

Imindet[1 — G,(E)V ]dE. (5.2)

Alternatively one may obtain the same expression start-
ing from the basic formula:'*"?

AE:%(JF (E — &) [n(E) —no(E)]dE} - (5.4)

Substitution of [n(E) — n, (E) ] from Eq. (1.10) and inte-
grating by parts again gives Eq. (5.3).

Now we return to a special type of perturbation matrix,
as given by Eq. (4.5), for which the first-order correction
vanishes, and write out the second-order energy correction.

A. Energy representation
If we use formula (3.10) in (5.4) the result is

AE=%fF no(E)f dE’ ny(E")

RE-E) ypag.
E—E'

We now observe that the integrand in Eq. (5.5) is anti-
symmetric under the permutation of Eand £ . This results in
vanishing of the part of Eq. (5.5) corresponding to symmet-
rical limits

F f dEdE'(+++) =0.

That is why the final result is

X (5.5)

R(EE')
E—-E
(5.6)
It should be noted that the same result (5.6) is valid
without invoking approximation (3.5) as the second-order
energy term. Indeed, in this case Eq. (5.5) becomes the sec-
ond-order correction provided the second integral is substi-
tuted by its principal part

.-

The following reasoning again gives Eq. (5.6).

AE:%f " no(E)dEf 1o (E")dE'

B. Quasimomentum representation

If we use Eq. (4.4) in Eq. (5.4), then integration by
parts yields

AE = —llmfF dEf ak
T — (2m)?

tr[ Gy (EK)V(K) ]
(5.7)
Let us calculate the trace using the Bloch MO basis:

1
tr[Gy (B V(K] =Y —m0—8 ————
L% el az,gE+i6—ea(k)
1
Xre—e—m—.
E+id—ez(k)
So only Green’s functions should be considered as complex
quantities when calculating “Im.” This is a general result,
valid for any perturbational order m in the case Vis Hermi-
tian (see also Appendix B). After using Eq. (1.7) we obtain

[{ka|V (kB ) ?

Im tr[ Gy (EK)V(K)*= —27 3 8[E—€, (k)]
aB

P [(ka|V kB )|? .
fa(k) - eg(k)
Integration of Eq. (5.7) now gives

dk |(ka|V kB )|

AE=2Y | =96 —€, (k)] o2 IZP 71
azﬁ (2m)? [er —€al )]ea<k)—e,;(k)
(5.8)

where 4 is the Heaviside step function.

At this stage we consider a situation when one of sublat-
tices is formed by noninteracting subsystems having a dis-
crete spectrum. This corresponds roughly to the case of ad-
sorption on a surface at low coverage. The sums are
subdivided as

2 -2t 2

a(fB) i) a(®)
where i,j correspond to discrete k-independent levels with
energies €, €;, whereas a,f now count only true bands of the
substrate surface. Since we have assumed that
(i|V{j) = {ak |V|Bk ) =0, Eq. (5.8) reduces to

dk_ iV |ka)|?
AE=2 3 o _
{i(s,-<eF) a (217)2 € — Ga(k) [é'a( ) GF]
— dk ||V |ka)|?
W 5 ) Q) € — e k)

Xﬂ[eF—ea(k)]]. (5.9)

Formula (5.9) has a simple interpretation as

sum of shifts of occupied discrete levels
JAE = {due to their interaction with an unoccupied
part of the band spectrum

sum of shifts of unoccupied discrete levels
— 1 due to their interaction with an occupied
part of the band spectrum

This result is often used in qualitative theories of adsorption,
being derived as an intuitive extrapolation of the expression
for the second-order interaction energy, well known from
molecular quantum chemistry. It is derived here directly
from band theory. It could be also obtained in the energy
representation if the DOS’s ny (E) and ny (E ') in Eq. (5.6)
were subdivided into discrete and continuum parts.

J. Chem. Phys., Vol. 93, No. 5, 1 September 1990
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VI. THE MODEL OF ADSORPTION WITHOUT IMPOSED
SYMMETRY

For the case of a single molecule adsorbed on a surface
we start from Eq. (5.3), considering G, (E) as a Green’s
operator for a combined system built of the noninteracting
molecule and the surface. Operator ¥ denotes a localized
interaction. We use now an AQ basis (but not a Bloch AO
basis!) for the representation of operators G, and V. The
block structure of the corresponding matrices is

GM 0). _(0 v)
’ Wt oo/’

Here G ™ and G ® are the Green’s matrices of isolated mole-
cule and surface (in the AO basis) and v is an interaction
matrix, which is real in the present case.

The second order of formula (5.3) gives

(6.1)

AE = *lef tr[ Gy (E)V | "dE
o .

- _ilmfF tr[G ™vG *v'] dE. (6.2)
1 —

The calculation (evaluation of “Im”) proceeds from
this point in the manner described in Sec. V.

The following notations are used below:

(a) |x.)» |xs)—AOs of the adsorbate molecule;
|¥u (R)), |x» (R"))—AOs of the surface.

(b)i~—the indices labeling MOs of the molecule:

|4) —Z ) Cois

€; being the corresponding energy levels.
(c) The Bloch MOs of an isolated surface are

1 ‘
lka) = — L (R))e*C,, (k), (6.3)
w2

where N is the number of unit cells in the surface.
(d) V,, =v,, =v!, = V,,—the real interaction matrix
elements of matrices v and v':

Vo (R) = (x.[V]x,(R)) =V, (R),

v, (R) = {x, RV |x.) = V.. (R). (6.4)
(e)G‘(ER R)
= [Cua (K)C¥, (R)e* R~ *
z (2 )2 2 L(K)C*, (k)e )
+ Cu (K)CA, (k) R —R)]
J — k
G+(ER—R’)

[Cua (K)CE, (k)RR

"zf(z ) 2

+ Cpo (K)CX, (k)" R~ 2]

? €, (k) — €]
E_ea(k)

The resulting expression, calculated starting from Eq. (6.2),
is

; E<eg.

3639

rs uR
(€; < €F) vR’

AE=%{ z ZEC’iCsIVr#(R)st(RI)

XG+(€,,R R ) - 2 zzcn ry(R)

i rs uR
(€;> €g) vR’

Vo (R)G,(e,R—R"}. (6.6)

It is easy to show that expressions (5.9) and (6.6) are
the same, with the only difference being the factor N ~
This appears because we dealt with a single molecule in this
section, whereas N molecules were adsorbed according to
the derivation of Sec. V. This means that in the second order
of perturbation there is no through-surface interaction
between adsorbate molecules. This interaction appears only
in the next expansion term of Eq. (5.3), which corresponds
to the fourth order of perturbation ( ~ ¥*).

According to Eq. (6.5) the quantity G, (E,0) is a mea-
sure of the affinity of surface site uR towards a donor level
(doubly occupied) with energy E <ep. The quantity
[ — GW (E,0) ] measures the same towards an acceptor lev-
el (unoccupied) with E> €. Both quantities are always
negative, as follows from their definition (6.5). The off-diag-
onal quantities G £ (E,R — R ') measure a combined reacti-
vity of a pair of sxtes UR, vR’'. We shall call these quantities
“projected Green’s functions” because they perform the pro-
jection of a regular surface Green’s function onto subspaces
of occupied (G ~ ) and unoccupied (G * ) surface MOs.

VIl. RELATION BETWEEN LOCAL DOS’S AND
PROJECTED GREEN’S FUNCTIONS

We define the local DOS matrix of a surface
M., (E,R — R') by the relation

N (ER—R")
=%n‘w(E,R~—R')
1 (R — R’
=2 (2 )z Can (K)CZ, ()& E =50
+ C,, (K)CE, (k) R =R 15(E — €, (k)).

(7.1)

Then we consider the surface Green’s operator [see Eq.
(6.1)] GX(E) = (E+i6 — H*) !, where HZ is the sur-
face Hamiltonian, and define its matnx elements as in (6.5)
but without the projecting & functions. According to Eq.
(1.7) the imaginary parts of these matrix elements are the
quantities (7.1) times ( — 7). We can additionally utilize
the Kramers—Kronig relations [13], stating that

ReGZ,(ER—R’)
3 _—]C dE,ImGz (E R—R")
—E

Therefore,

- E'R—R’
ReG,,,,(E,R-R'):JC g D ER-RD
- E—E

(7.2)

J. Chem. Phys., Vol. 93, No. 5, 1 September 1990
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Now we define the projected local DOS matrices by
7..(E,R — R ')

_ 1

2 (2 )2 5

+ C, (K)CX, (k)™ R = R]

#(k)czv(k)eik(R——R')

XS[E— e, (k)]9 [e — . (0], (7.3)
dk 1

+(ER—R') = —~

23 =2 (27) 2

X [Cop (K)CE, (k)™ R=RD
+ C, (k)C%, (k)e*® — R
XO[E —€,(k)]? [€,(k) — €& ].

The same reasoning as that leading to Eq. (7.2) relates them
to real parts of the projected Green’s functions (6.5):

RR)

r

E’
ReGE(ER—R') = f dE o
(7.4)

Moreover, since G ~ is real for E> €z andsois G * for
E < €, and since these are the only energy intervals we need,
according to Eq. (6.5), we can write G J; instead of Re G
on the left-hand side of Eq. (7.4). Finally, it is obvious that

0 (ER—R')y=7,,(ER —R")J (e — E),
N (ELR —R') =1, (E,R — R")HE — &).
This results in the expressions
G..(ER—R")

o E'R—R’
=j ap T ) (Ese),
} E_E

(" . m.(E'R—R")
G (ER—R )=L dE" T (E<é€p).
(1.5)

Thereby, given the local DOS’s (7.1), we can calculate
projected Green’s functions by a simple integration.

VIil. THE EXTENDED HUCKEL (EH) TREATMENT OF
ADSORPTION WITHOUT IMPOSED SYMMETRY

In the EHT case we deal with secular equation:
H,C=5,Ce, C'S,C=1, (8.1)

where matrices Hy, Sy, C, and € correspond to the AO repre-
sentations of the zero-order Hamiltonian and overlap, and to
MO coefficients and energy levels. The total overlap matrix,
denoted as S, has the following block structure (see Sec. VI):

S§=25,+S5. (8.2)

The second-order energy expansion is derived in Appendix
B. We discuss here its main features.

The Green matrix G, (E) has the diagional block struc-
ture

G"] o
Go(E =( )
o (£) WE (8.3)
and can be expressed in the form of Eq. (4.8) as
Gy, (E)=C(E+i6—¢€)'CT, (8.4)

The inclusion of overlap results in a renormalization of
interaction matrix V according to

W=S,'VSs L (8.5)
The interaction energy consists of two contributions:
AE=AE™ + AE®,

AE“’=—%[ S S C.CaM

i(€;<€g) rs

XS Ch (k)Cpp (K)o~ *HR=RIYE
R
R
AE® = [expression (6.6) with ¥ substituted by W].

The notation of Sec. VI is used here. Matrix A, as intro-
duced by (8.6), has the diagonal block structure

M
4= (A 0 )
0 | 4%
and is evaluated as 4 = WsS; ! + S, 'sW. Its elements are
explicitly given in Appendix B, Eq. (B11).

The projected Green’s matrices of Sec. VI needed to
calculate AE ® are defined as in Eq. (6.5), with the Bloch
MO coefficients and energies satisfying Eq. (8.1). The same
is true of the MO coefficients and energies of the adsorbate
molecule.

Evaluating matrices W, Eq. (8.5) and 4, Eq. (B11)
poses no serious problems. Although S, corresponds to an
extended system, V and s are well localized, so the corre-
sponding matrix multiplications converge rapidly.

The new term AE " is an exchange repulsion energy.
This contribution, typical in perturbation expansions using
nonorthogonal AOs, is well known in the usual theory of
intermolecular interactions.'®!” In application to adsorp-
tion problems it has been mentioned in Ref. 7 and 18, but the
explicit form (8.6) seems to be a new result. van Santen and
co-workers have used perturbation-theory based expressions
that include overlap.”™ 1%

(8.6)

IX. DISCUSSION

(a) In the present paper we apply the perturbation ex-
pansions (1.10) and (5.3), derived from consideration of
the Einstein-Schrieffer theory,'® to a study of the interac-
tion energy in typical extended systems. Operating with the
basic formula (5.3) involves a rather unusual technique of
calculating the imaginary part of traces over matrix prod-
ucts.

In the second order of Hiickel theory the result appears
as formulas (5.6), (5.9), and (6.6) which are nothing else
than different continuum reformulations of a trivial second-
order interaction energy, known from molecular quantum
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chemistry. However, higher-order expressions are readily
available by the same technique. This may be helpful, for
instance, in analyzing through-surface interactions of adsor-
bate molecules which, as indicated in Sec. VI, appear only in
fourth order. The corresponding numerical analysis of
closed nonperturbational energy expressions for simple
chemical systems has been reported (see Refs. 10 and 15).
This preliminary consideration showed an oscillatory be-
havior of the corresponding secondary interactions as a
function of the relative positions of interacting molecules.
This is quite understandable from the point of view of the
present perturbational treatment, because the related energy
contributions will arise as a combination of Green’s func-
tions of type (6.5) with nonvanishing factors
exp[ + ik(R—R’].

(b) Expression (6.6) [orits EH counterpart (8.6) ] can
serve as a basis for a qualitative adsorption theory when net
charge distribution effects are negligible. The projected
Green’s functions G, (E,R — R'), as introduced in Eq.
(6.5), provide a natural measure of relative reactivity of dif-
ferent surface positions in both Hiicke] and EH treatments.
They are closely related to the bond-bond polarizabilities
introduced by Coulson and Longuet-Higgins.> These sur-
face reactivity indices can be evaluated for a given surface
model by conventional techniques of band structure calcula-
tion, with no more computational effort than that needed for
DOS calculations. An alternative procedure, based on for-
mula (7.5), implies straightforward derivation of projected
Green’s functions from the local DOS matrix.

(c) A phenomenological treatment of adsorption ener-
gies can be derived starting from formula (7.5), if some sim-
ple model is taken for local DOS’s. This kind of approach
originally used formula (5.4) (with electrostatic interaction
added) and introduced both n(E) and n, (E) in an empiri-
cal manner.'® In later work a perturbational formula of type
(5.6) was applied.® For the adsorption case, with the nota-
tion of Sec. VI this formula reads

2 = [{&|VIE")|?
AE == Ho(E')dE' —o—
Q {i(e,é:ep) € o (£ € —E’
. AVIE)]
s [ e (IEN
He>ep) v/ — 65'—8

{the interaction matrix elements are assumed to be r,s-inde-
pendent here). The phenomenology of operating with for-
mula (9.1) needs independent assumptions of the energy
dependence of two quantities: the DOS n, (E’), and the ma-
trix elements {¢;|V|E’). However, only modeling of the
DOS is needed when formula (7.5) is applied, because, ac-
cording to Eq. (6.6), all the energy dependences are cumu-
lated in projected Green’s functions. This seems to offer a
significant conceptual advantage.

Tentative calculations with a rectangular form of the
DOS applied in Eq. (7.5) give the same result as reported
earlier® and obtained using Eq. (9.1), with an additional
assumption {¢,|V |E") = const. The coincidence of the re-
sults shows that actually this latter assumption is a math-
ematical consequence of the rectangular DOS model. Hence
it need not be introduced as a special condition. The further

development of the present approach with more sophisticat-
ed DOS models seems promising.
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APPENDIX A: QUALITATIVE DISCUSSION OF THE
ENERGY SPECTRUM OF A LATTICE BUILT OF A PAIR
OF WEAKLY INTERACTING SUBLATTICES

Let the n, (E) spectrum be constituted of a pair of well-
separated sharp peaks n, (E) and »n, (E), [Not to be con-
fused with first- and second-order corrections #'? and /. ]
located around points E, and E, (Fig. 1):

no{Ey=n,(E)+n,(E) E,>E,. (AD)

This form of spectrum implies that Eq. (3.4) is true. We
use approximate formula (3.11), neglecting for brevity the
r,s dependence of interaction matrix elements. In this treat-
ment

R(EE") _ KE|V|E")|?

E—E’ E—-E’
is supposed to be a smooth function of E’, E, since the pole at
E = E’ is eliminated by the condition (3.4). All we need to
evaluate the integral

I\ {2
[ amnacay LEVIED)
E—E'
are the values of the integrand near E=E, and E = E,:

|2
no £y LMELVIEY)]

(A2)

E—-E’
E,|\V|E,)?
nI(E').M_ near E=El
E, —E, (A3)
- . KEVIE)]
n,(E') —————— near E=E,
El _EZ
Inserting this in Eq. (3.11), we obtain
n, (E) —%—é—nl(E) near E=E,
n(E)= b d , (A4)
n, (E) “7&”2(12) near E=FE,
where
n{E)
n(E)
: ny(E)
i :
H }
: /;\
E, E .

FIG. 1. Schematic representation of the zeroth approximation DOS. n, (E)
and n, (E) are DOS’s of noninteracting sublattices.
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_ |<E1|V|l‘52>|2
-

VE 2

Now we write expansions of (A4) near E, and E, :
n,(E) =const — 1 k, (E — E, )%

de'nz(E’)<0,

(A5)

dn

—5 = ~h(E-E),

n,(E) =const — } k, (E — E, )’
dn

d; = —k,(E—E,).

The shifts of the maxima of the function (A4) are given by

1 a

E . ..—E =——<0 (near E=E)),
1= ( )

max

E. —E, =%%>0 (near E=E,). (A6)
So the interaction moves apart the band maxima, lowering
the lower one and raising the higher one. This is the picture
intuitively expected by analogy with the standard perturba-

tion analysis of discrete molecular systems.

APPENDIX B: THE EH TREATMENT IN DETAIL
A. Tensorial formulation of EH theory

In order to calculate the traces entering the main pertur-
bational formula (5.3), we use tensorial notations which al-
low one to write all equations in a covariant ( = basis inde-
pendent) form.”® The following conventions apply:

(i) Matrices of operators are associated with covariant
tensors: Hy,,,, Gopps Voo

(ii) Column eigenvectors are associated with contravar-
iant vectors: C*, whereas eigenvalues are considered as sca-
lar numbers (¢, ).

(iii) The covariant and contravariant metric tensors g,,,,
and g*" are associated with the overlap matrix S and its in-
verse S ~ !, respectively; in the zeroth approximation these
reduce to S, and S .

To give an illustration, let us derive secular equation
(8.1) using tensorial notations. The covariant version of this
equation is defined uniquely by the above rules as

H,, C"=g,C",. (B1)

The metric tensor on the right-hand side is needed in order to
make both sides of Eq. (B1) vectors of the same (covariant)
type. The matrix transcription of this equation, as obtained
according to the above rules, is as needed:

H,C=S,Ce. (B2)

Applying these rules to derive the covariant prescriptions for
matrix multiplication and trace evaluation operations, we
obtain for a pair of matrices 4, B:

Orthogonal tensorial nonorthogonal
basis notation basis

AB A,,8"B;, AS ~

tr AB A,.8"B, g" tr(4S ~'BS )

The first- and second-order energy correction [following
from general expression (5.3) ] will then be

AE = _iImJF {tr[G,S Vs 1]
i} —w

+%tr[GOS“VS_‘]2}dE. (B3)

B. Utilization of the block structure of matrices

The overlap matrix is subdivided into intra- and inter-
subsystem parts according to

We consider s as a perturbation, as well as the interac-
tion matrix V. Then the calculation of § ~ ! with the needed
accuracy gives

S '=8;"-85"sS, ! (BS)

The matrices needed to calculate Eq. (B3) have the fol-
lowing block structure (see Sec. VI):

6= [C9), 5 (M19 (type I)
= : = e
°\ol6¥’ O \o]s= P

=%; s=% (type II)

The matrices having diagonal and off-diagonal block
structures will be further referred to as “type I’ and “type
IT” matrices, respectively. The following two symbolic rules
determine the change of the matrix type under matrix multi-
plication:

ILII=1I-1=1I,
I'I=II'Il =1, (B6)
tr II=0.

The latter rule greatly simplifies the trace calculation. Now
we substitute Eq. (BS) into Eq. (B3) and calculate traces
using Eq. (B6) to obtain

tr(G,S VS ~ ') = —trG,4
Itr(GoS ~'VS — )2 =itr (G, W)?, (B7)
where
A=Ss'"VSs'sSs ' +85 585 'VSs !
=WsSq'+Sq sW (B8)
W=S;'Vsq;

Note that A and W are real Hermitian matrices and accord-
ing to Eq. (B6) 4 is of type I and W is of type II:

A% o o
A= =
(a AE) o %oa

So the energy is obtained in the form
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AE=AE™ + AE®,

AE(”:LQImfF dE tr G, A, (B9)
T —

AE® = ._—IQ-Imf dE tr(G, W)>.
T — o

Next we use G, in the form (8.4) and calculate Im following
the technique of Secs. V and V1.

C. Calculation of AE"

As mentioned in Sec. V, the complex nature of C can be
ignored when calculating Im. Let us demonstrate how this
general rule works in the AE ‘" calculation:

tr(GoA) = tr{C [(E + i6)] — €] ~'C14}

= tr{[(E + i8)] — €] ~'C'AC}

S U

H E —+ i5—€ i

The matrix C ACis Hermitian, so its diagonal elements

are real. Hence only the first factor in 2, should be counted

as a complex quantity in the Im calculation.
In evaluation of AE " we need block structures:

C—(CM 0). _(€M O)
Vo [c¥) o &)

So we obtain

[CT4C],.

AED — _%f dE tr[8(E — e"yCMiaMCM

+8(E—€e)C*42C>].

Utilization of notations introduced in Sec. VI gives finally

AE“’:—%[ S S C.CaM

i(e;j<e€g) rs

1 dk
— b4 —_ k
+ Ngf 27)? e —€a ()]

le; C:a(k)cua(k)e_ik(R_R’)A iR,vR'
m

VR’

(B10)

where

M_ -1 ~1
A rs T z Wr,#Rs[tR,tSO ts + SO rrSr,,uR W[-lR,S

LuR
. < —1 —1
- z ( Wr,yRSO ts + SO rt "V s,uR )St,yR
LuR
= o —1
Auror = 2 (WoriSar"S 0 AR "R

tAR"

—1
+ So,uR,AR “SarWior')

= z ( Wt,yRSO_/llR Y O o SO_;:R,AR “Wior )Siar"
AR
(B11)
with W given by Eq. (B8).

D. Calculation of AE@®

We observe that the only difference between AE ®’ in
Eq. (B9) and AE in (6.2) is the substitution of ¥V by W.

These latter matrices have the same structure, so we can
immediately use the result (6.6).

APPENDIX C: CALCULATION OF PROJECTED GREEN
FUNCTIONS FOR A ONE-DIMENSIONAL CHAIN AS AN
EXAMPLE

For a chain with equal interatomic distances / we have two
parameters: / and the corresponding resonance integral S.
We take @ = € = 0. Then [ The Green’s functions are mul-
tiplied by NV (the number of unit cells) in this Appendix. The
unnecessary (for this particular case) subscripts are also
omitted: G &5 (E,nl) -G £ (E,;nl)-G *(E,n)]

w/21
G‘(E,nl):Zf cos nkl dk (E>0)
o E—2Bcoskl 2 (C1)
T/l
G+(E,n1)=2f __cosnkl _ dk (E<0)
a2 E —2Bcos ki 27

Here R — R’ = nl.. Weintroduce new variablesz = E /2|f3 |
and n = (R — R")/! in terms of which the function G *
(z,n =0)and G * (z,n = 1) are easily evaluated. The result
for the diagonal functions (7 = 0) is

ForZz’<1:
211BNG ~ (2,0)

=i 1 In Vi—z4+yl 42z (2>0),
T1-2 |J1—z—Jl1+2z
Q1B G * (2,0)
=i 1 In Vi—z—1+4z (z<0).
T 1-2 |Jl—z+J1+z

tigl 16 (2,00

]

I

_________ -1 1
\y\ 7 !

I

I

— =arctg(--+) In(- )l

! ' arctg(---)
|
2¢ |8l 16" (2,00 [} —~ 20z
(28] )G (2,1 1 (2£|8] 1G (z,0
(3-7)
Y SR~ U] RN .
] 1
i -1 1 z

FIG. 2. The diagonal and the first off-diagonal projected Green’s functions
for an infinite polyene chain in the Hiickel method.
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Forz°>1
211G ~ (2,0)

2 1 z—1
~————arctan_ | —— (z>0),
T 2 _1 V z+1
(21|1BHG * (2,0)

=——2— 1 — arctan z+1

T2 -1
The off-diagonal Green’s functions (n = 1) are
UBNG ()= —zRIIB)G ~(20) +} (2>0),
QUBNG T (z1)y= —z2 NG T (z0) +1 (z2<0).

These formulas are illustrated by Fig. 2. The diagonal
Green'’s functions are smooth, except for the logarithmic di-
vergence at the Fermi level. The off-diagonal Green’s func-
tions have a logarithmically divergent first derivative at the
Fermi level. The divergency points to a breakdown of the
perturbation theory and seems to be a general rule.

Some other general properties of the quantities
G * (E,nl) (C.1) can also be established. They follow from
the fact that the denominator of their integrands is a mono-
tonic function within the integration interval. The conse-
quences are, first, that the absolute value of a Green’s func-
tion decreases at fixed E when #n increases, and, second, that
its sign is uniquely determined by the sign which the cosine
in the numerator takes in the vicinity of Fermi level kX = 7/2.
There exists also an obvious symmetry relation,

Gt (—Enl)=(—1)""'G ~(Enl).
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